Radio emission in the form of giant radio relics is observed at the periphery of galaxy clusters. This non-thermal emission is an important tracer for cosmic-ray electrons and intracluster magnetic fields. One striking observational feature of these objects is their high degree of polarisation which provides information on the magnetic fields at the relics' positions. In this contribution, we test if state-of-the-art high resolution cosmological simulations are able to reproduce the polarisation features of radio relics. Therefore, we present a new analysis of high-resolution cosmological simulations to study the polarisation properties of radio relics in detail. In order to compare our results with current and future radio observations, we create mock radio observations of the diffuse polarised emission from a massive galaxy clusters using six different projections, for different observing frequencies and for different telescopes. Our simulations suggest that, due to the effect of Faraday rotation, it is extremely difficult to relate the morphology of the polarised emission for observing frequencies below 1.4 GHz to the real magnetic field structure in relics. We can reproduce the observed degree of polarisation and also several small-scale structures observed in real radio relics, but further work would be needed to reproduce some large-scale spectacular features as observed in real radio relics, such as the "Sausage" and the "Toothbrush" relics.
INTRODUCTION
Radio observations detect diffuse radio emission in form of radio relics and radio halos in galaxy clusters (e.g. Ferrari et al. 2008; van Weeren et al. 2019) . Radio halos fill the clusters' central region and they are believed to be connected to the turbulence in the intracluster medium (ICM). Radio relics are found at the cluster periphery co-located with shock waves observed in X-rays (e.g. Markevitch et al. 2005; Botteon et al. 2016) . Hence, it is assumed that shock (re)acceleration of cosmic-ray electrons produces radio relics (e.g. Ensslin et al. 1998; Hoeft & Brüggen 2007; Brunetti & Jones 2014; Nuza et al. 2017, and references therein) . It is widely accepted that diffusive shock acceleration (DSA) can accelerate the observed radio emitting electrons (e.g. Blandford & Ostriker 1978 ), yet the lack of detected γ-ray emission, a bi-product of proton acceleration (e.g. Ackermann et al. 2014) , questions the viability of the DSA model for typical cluster shocks (e.g. Vazza et al. 2015a ). This triggered the exploration of new scenarios in which the role of the magnetic field topology at shock fronts can control the efficiencies of electron and proton acceleration (e.g. Caprioli & Spitkovsky 2014b; Guo et al. 2014 , and references therein), as we tested in detail in Wittor et al. (2017) . More E-mail: denis.wittor@unibo.it recently, Botteon et al. (2019) have found evidences that an efficiency 100 % is required to explain the observed radio power of relics with low Mach number (i.e. 2). One striking observational feature of radio relics is their high degree of polarisation, which is in contrast to the almost complete absence of polarised emission in radio halos (e.g. Govoni et al. 2013 , and references therein). The mechanism producing this high degree of polarisation is still debated: either it is caused by regular largescale magnetic fields or by the compression of tangled small-scale magnetic fields (Laing 1980) . The polarisation of radio relics has been studied by a number of authors 1 (e.g. Bonafede et al. 2009b; van Weeren et al. 2010 van Weeren et al. , 2012 Kale et al. 2012; de Gasperin et al. 2015) . These observations have shown that the average degree of polarisation ranges from a few up to ∼ 60 %. In some radio relics, the B-vector of the polarised synchrotron emission are perpendicular to the shock normal. However, some radio relics show a more complex polarisation structure. If the high degree of polarisation is caused by a regular large-scale magnetic field, then the alignment does not depend on the shock morphology. On the other hand, if the compression of small-scale magnetic fields is responsible for Figure 1 . Projected baryonic density (colour) overlayed with the radio contours at ν obs = 1.4 GHz. The density is given in units of log 10 (g/cm 3 ). The radio contours are plotted at 4 · [10 24 , 10 25 , 10 26 & 10 27 ] · erg/s/Hz per pixel. The different panels show the projections along the three different lines-of-sight. The solid blue arrows mark the position of the brightest radio relic as seen in the different projections. (A coloured version is available in the online article.) the high degree of polarisation, the magnetic field should always be perpendicular to the shock normal. A simple model (e.g. Ensslin et al. 1998) shows that a moderately strong shock may explain the degree of polarisation (see Fig. 12 in Kierdorf et al. 2017) . In a more elaborated scenario, Iapichino & Brüggen (2012) showed that magnetic amplification due to compression at shocks can explain the high polarisation in radio relics (see also Ensslin et al. 1998 ), even though this was based on analytical arguments only and neglected the effect of the viewing angle. With increasing resolution and sensitivity, radio telescopes (e.g. Square Kilometre Array and Very Large Array) will be able to study the polarisation of radio sources with unprecedented detail (e.g. Johnston-Hollitt et al. 2015) . To our knowledge, only Skillman et al. (2013) have studied the polarisation of radio relics in cosmological magneto-hydrodynamical simulations at an observing frequency of ν obs = 1.4 GHz. In their model, they assign all the radio emission to the shock front using Eq. 31 of Hoeft & Brüggen (2007) and they estimate the corresponding polarised emission using the notation of Otmianowska-Mazur et al. (2009) . Yet, ageing of cosmic-ray electrons and corresponding downstream effects on the radio emission is neglected. Their results show a significant variation of the polarisation, both, across and along the relic with a peak polarisation of approximately 75 %. Furthermore, they showed that the polarisation direction is less coherent if the relic is seen face-on instead of edge-on. In this contribution, we use ENZO cosmological magnetohydrodynamical simulations of a merging galaxy cluster to analyse the radio properties of one radio relic seen in different projections. We compute the downstream emission of this relic at different frequencies and model the polarised emission using the formalism derived by Burn (1966) . This work is meant to be a pilot study to explore the degree of realism of magnetic fields in high-resolution cosmological simulations and to present our test suite. This work is structured as follows: we complete this section by giving an overview of the available polarisation observations of radio relics. In Sec. 2.1, we describe our simulation and analysis tools. In Sec. 2.2 and 2.3, we describe the models we use to compute the polarised emission. The results are presented in Sec. 3. Sec. 3.1, 3.2 and 3.3, give a detailed description of our simulated radio relic, its local magnetic field and its rotation measures, respectively. The results on the polarised emission are presented in Sec. 3.4. We present our mock observations of the radio relic in Sec. 3.5. In Sec. 3.6, where we highlight morphological features of our radio relic, as found in highly resolved observations. In Sec. 3.7, we discuss how well the polarised emission represents the magnetic field structure at the relic. We summarise and conclude our work in Sec. 4.
Polarisation Properties of observed Radio Relics
While the statistical properties of the continuum emission from radio relics are relatively well-known (e.g. Nuza et al. 2017; Golovich et al. 2019) , far less is known about the properties of the polarised emission. Currently, there are only 20 galaxy clusters, hosting radio relics (half of which are double radio relics (e.g. Bonafede et al. 2009b; Lindner et al. 2014 )), that have been observed in polarisation. In Tab. 1, we summarise the main properties of these observations. These relics have been detected at redshifts ranging from z ≈ 0.04 to z ≈ 0.55 and their largest-linear sizes (LLS) lie in the range of a few hundred kpc to a few Mpc. Most of these relics are found at distances of 0.5 − 2 Mpc from the cluster centre. We have not found Mach number estimates for all relics, but the available Mach numbers are all in the range of M ≈ 1.7 − 4.6. The average degree of polarisation varies between a few percent up to ∼ 60 %, as in the case of CIZA J2242.8+5301 (see van Weeren et al. 2010) . Locally, the observed degree of polarisation can be as high as ∼ 70 % as in Abell 1240 2 (see Bonafede et al. 2009b ). The relic population shows a vast range of the orientation of the polarisation vectors. In the cluster CIZA J2242.8+5301, the polarisation E-vectors align perfectly with the shock normal across the entire length of the relic, ∼ 2 Mpc, (see van Weeren et al. 2010) and other relics, such as Abell 2744 (see Pearce et al. 2017) or ZwCl 0008.8+5215 (see van Weeren et al. 2011b; Golovich et al. 2017) show a similar behaviour. For a sufficiently strong shock, the magnetic field compression at the shock front could explain the alignment of the shock normal and the polarisation E-vector. On the other hand, such alignment is more difficult to achieve for a large-scale magnetic field, as will be shown in this work. The morphology of the polarised emission in other relics is more complex. The orientation of the polarisation vectors of radio relics, such as MACS J0717+3745 (see Bonafede et al. 2009a) , changes rapidly over the length of the relic. Therefore, their polarised structures are not uniform and they appear rather patchy. At the same time, there is no obvious alignment between the polarisation vector and the shock normal, making it unclear if the shock is simply too weak to align the magnetic field with the shock normal.
In other cases, such as Abell 3744, PSZ1 G096.89+24.17 or PSZ1 G108.18-11.53 (see Kale et al. 2012; de Gasperin et al. 2014 de Gasperin et al. , 2015 , the polarised emission is not detected across the whole relic and the morphology seems to be patchy as well. Thus, it is uncertain if the polarisation is uniform across the relic.
Finally, it is difficult to determine the shock direction in relics like Abell 548b or Abell 2256 (see Feretti et al. 2006; Clarke & Ensslin 2006, respectively) , and hence one cannot correlate the polarisation vectors with the shock direction. The shock morphology might directly affect the polarisation morphology. A spherical-cap-type shock would produce aligned polarisation vectors, while a distorted shock structure could cause patchy polarised emission. In summary, the polarised emission of radio relics shows a wide range of properties. It seems that the observed degree of polarisation does not solely depend on one parameter, such as the telescope configuration (i.e. observing frequency and beam size) or the physical properties of the relic (i.e. distance to the cluster centre, Mach number, LLS or redshift). Clearly, the degree of polarisation increases with frequency (smaller wavelengths) as Faraday rotation, ∝ RMλ 2 , becomes non-relevant. This was shown by Shimwell et al. (2015) who observed the Bullet cluster at different frequencies but keeping a constant beam size. On the other hand, beam depolarisation can reduce the degree of polarisation even at high frequencies.
Several relics, such as CIZA J2242.8+5301, show this effect. van Weeren et al. (2010) observed this relic at 4.9 GHz obtaining an average polarisation fraction of 0.55, while Kierdorf et al. (2017) obtained a lower degree of polarisation at 4.85 GHz and 8.35 GHz but using larger beam sizes.
SIMULATION SETUP

ENZO
In this work, we run cosmological simulations with the ENZO-code (Bryan et al. 2014 ), which uses an N-body particle-mesh solver to simulate the Dark Matter component (Hockney & Eastwood 1988) and an adaptive mesh method to follow the baryonic component (Berger & Colella 1989) . To solve for the magneto-hydrodynamical equations (see Sec. 2.1 in Bryan et al. 2014) , we use the piecewise linear method (Colella & Glaz 1985) in combination with the hyperbolic Dedner cleaning (Dedner et al. 2002) .
We focus on analysing one massive, ∼ 10 15 M (at z = 0), galaxy cluster drawn from a large sample of simulations, as detailed in Vazza et al. (2018b) and Domínguez-Fernández et al. (2019) . When analysed with our shock finder (see below) this cluster hosts a few shock waves in its periphery that could produce prominent radio relics, with typical large-scale morphologies of real radio relics (see Fig. 1 ). Our simulation starts from a root grid with a comoving size of ∼ (260 Mpc) 3 that is sampled with 256 3 cells and 256 3 Dark Matter particles. We further refined a comoving volume of approximately (25 Mpc) 3 centred around the galaxy cluster 2 8 times, using 8 levels of AMR, for a final resolution of ∆x = 3.95 kpc. For the analysis we used the 7.9 kpc-reconstruction of the grid, as the relic region is lying at the border of the highest AMR region. The simulation ran from redshift z = 30 to redshift z = 0. At redshift z = 30, we seeded a uniform primordial field, with a comoving value of B0 = 0.1 nG. For the various cosmological parameters we chose: H0 = 72.0 km s −1 Mpc −1 , ΩM = 0.258, Ω b = 0.0441, ΩΛ = 0.742 and σ8 = 0.8 In order to find shock waves that are able to produce radio relics, we apply a velocity jump method following Vazza et al. (2009) . This approach measures the Mach numbers along the three coordinate axes of the simulation based on the 3-dimensional velocity information, and the final Mach number is computed as
For further analysis, we stored the three components of the Mach number, as they provide the information of the propagation direction of the shock and of the shock normal in each shocked cell n shock = (Mx, My, Mz) T .
Synchrotron Emission
In the following section, we give an overview of the model to compute the radio emission. For more details, we point to the Appendix (see App. A). We compute the downstream profile of the synchrotron emission from shocked cells following the approach of Hoeft & Brüggen (2007) . For simplicity, we assume that the properties of the shock front do not change within the electron cooling time. Hence, both the magnetic field strength and the downstream temperature at the shock determine the downstream profile. This assumption is crude as both quantities might affect the shape of the profile. Yet in most cases, the downstream width at frequencies, ν obs > 1.0 GHz, is smaller than both the physical resolution of the simulation and the effective resolution of the MHD scheme 3 (see Fig. 3 ). Hence, the constant shock properties are a valid assumption for frequencies above 1.0 GHz. For each shocked cell, we compute the downstream profile of the radio emission as a function of the distance to the shock front. The emission per volume at a distance x is the convolution of the electron spectrum nE(τ, x) and the modified Bessel function F (1/τ 2 ):
The electron spectrum at a distance x form the shock is thus:
(2)
In the equations above, τ depends on the electron energy. Electrons are considered to be suprathermal if their energy is above Emin = 10k b T , using the Boltzmann constant k b , and they are accelerated to a finite energy Emax. Therefore, we only compute the spectrum if EC cool x/v d /me/c 2 < 1 − E/Emax, with the downstream velocity v d and the cooling constant C cool (see App. A). The normalisation of the spectrum Cspec depends on the acceleration efficiency ξe. In the framework of DSA, it is difficult to reach the observed radio luminosities using weak Mach numbers to inject electrons from the thermal pool, as the resulting particle distributions are steep. In order to produce an observable radio Table 2. The table shows the properties of our simulated radio relic. From left to right: the projection, the projected relic surface area, the radio luminosity at 1.4 GHz, the average Mach number (for Mach numbers > 2), the Mach number computed using the spectral index between 0.15 GHz and 1.4 GHz, the average and radio-weighted average magnetic field strength at the shock front, and the largest linear size. The radio weighting was done at 1.4 GHz.
relic, we assume an acceleration efficiency of ξe = 0.02. Furthermore, we include re-acceleration following the approach of Vazza et al. (2015b) . Hence, we assume that shock accelerates a distribution of pre-existing "fossil" cosmic-ray electrons (e.g. Pinzke et al. 2013) , which boosts the emission of a factor ≈ 100, for the considered Mach number regime, compared to the single injection case in Hoeft & Brüggen (2007) . In the downstream, we compute the radio emission on nodes that lie along the shock normal and that have a fixed distance of dx = 1 kpc. We assign the emission to the grid cell that hosts the node, assuming that the shock surface matches the cell surface. The emission volume at each node is thus Vem = (7.9 kpc) 2 · 1 kpc ≈ 62.4 kpc 3 . In Fig. 3 , we give an example of the downstream radio emission profile produced by the same shock, M = 2.3, at three different frequencies. As the width of the downstream profile changes with frequency, the total volume of the relic increases with decreasing frequency. We use the same algorithm to compute the parallel, P ⊥ , and perpendicular, P , component of the radio emission as:
The functions F (x) and G(x) depend on the modified Bessel functions (see App. A). After applying the above described algorithm, multiple grid cells contain radio emission. For our analysis, we will only use cells, which fulfil two conditions: the emissivity on the three-dimensional grid has to be larger than zero and the cell has to contribute to a bright pixel in the radio map with a luminosity above 4 · 10 24 erg/s/Hz, i.e. the sum of the emission all cells which contribute to the pixel has to be larger than that value. To describe the characteristic physical properties of the radio relic and to provide a sense of what would dominate observations, we introduce, in addition to the arithmetic mean, an radio-weighted average. Using the radio luminosity Pi, we computed the radio-weighted average of a quantity Q as
The sum is taken across all radio-emitting cells that lie along the LoS. As the total emission volume changes with frequency, the radio-weighted average Q ν obs also depends on the observing frequency ν obs . In App. B, we describe how we take the cyclic property of angles into account when averaging angles. 
Polarisation
We compute the integrated polarised emission of our radio relic following the formalism of Burn (1966) :
using the emission per volume in each simulation cell Ptot, the intrinsic degree of polarisation Π and the intrinsic angle of polarisation int. RMλ 2 accounts for Faraday rotation. The intrinsic degree of polarisation, Π at observing frequency ν obs , is computed using the parallel and perpendicular component of the radio emission, Eq. 3 and 4 (e.g. Rybicki & Lightman 1986) :
The intrinsic angle of polarisation, int, is computed with respect to the horizontal axis of the projected maps. Each simulation cell can be considered to be filled with a uniform magnetic field and, in this case, the intrinsic angle of polarisation is perpendicular to the direction of the projected magnetic field. If the emission is going through a magnetised medium, the intrinsic angle of polarisation is Faraday rotated. In Eq. 6, RMλ 2 determines the amount of Faraday rotation. Here, λ is the wavelength corresponding to the observation frequency and RM is the rotation measure (RM) of the ambient medium. The RM at a distance x from the observer is computed as:
The integral is taken along the LoS. ne and Bpara are the thermal electron number density and parallel magnetic field component, respectively, along the LoS. Faraday rotation occurs either outside of the emitting region, external Faraday rotation, or inside the source, internal Faraday rotation. The summation of Eq. 6 provides a complex number, from which the polarisation angle (E-vector) is computed as:
We additionally compute the angle of the B-vector
We note that the B-vector only corresponds to the magnetic field direction in case of a uniform field and without Faraday Rotation.
In a more complex situation, it is only a measure for the observed polarisation angle. Several effects can reduce the degree of polarisation (e.g. Tribble 1991; Sokoloff et al. 1998; Arshakian & Beck 2011) . In an extended source, the polarised emission emitted at the far side will undergo a different amount of Faraday rotation than the one emitted at the near side leading to depolarisation. Also, instrumental effects can cause depolarisation. Beam depolarisation occurs if different polarisation orientations lie within the same telescope beam and hence annul each other partly. Other instrumental effects, such as bandwidth depolarisation, can depolarise the emission. We did not include any of those effects and we point for more information to textbooks such as Klein & Fletcher (2015) and references therein.
RESULTS
Simulated Emission from Radio Relics
So far, only Skillman et al. (2013) and Wittor et al. (2017) have studied the properties of magnetic fields in radio relics in cosmological simulations. The simulation in the present work has an unprecedented numerical resolution, that is necessary to evolve a small-scale dynamo (see Vazza et al. 2018b , for details), giving us a plus for computing the polarised emission in radio relics.
In this work, we focus on the re-simulation of a ∼ 10 15 M galaxy cluster that undergoes a major merger at z ≈ 0.2, producing two powerful shock waves. In Fig. 1 , we plot the gas density overlaid with radio emission contours at ν obs = 1.4 GHz projected along the three different axes of the simulation box. The edge-on view shows two prominent, large-scale shock waves that produce radio emission on a ∼ Mpc scale. For our analysis, we focused on the larger and brighter one of the two (see blue arrows in Fig. 1 ). For the analysis, we only included those cells that lie in the area of (1580 × 790) kpc 2 around the relic (i.e. see top panel in Fig. 6 ). If the same relic is observed along the two other orthogonal LoS, then the radio emission becomes more extended and dimmer. In the remainder of this paper, we will refer to the relic as it is observed in the three different projections: "edge-on", "face-on" and "side-on" as labelled in Fig. 1 . In the following, we will compare the typical quantities of the simulated relic to observations. The radio relic in our simulation is at a distance of ∼ 1.7 Mpc to the centre of mass of the cluster (see Tab. 2). Its apparent morphology varies significantly with the projection. When observed edgeon, it has a small surface that is thin and elongated, while when observed both face-on and side-on, they show much larger surfaces and more filamentary structures. The radio power of the relics is of the order of ∼ 10 30 erg/s/Hz at 1.4 GHz. The small discrepancies between the different projections are due to the emission in front or behind the relic along the LoS. The simulated relic lies below the mass-luminosity relation derived by de Gasperin et al. (2014) , but one has to take into account that this relation has been derived using a much more powerful class of double radio relics and that it might be biased towards brighter objects due to the sensitivity of radio telescopes. Still, the simulated relic is fainter than most observed single radio relics. This could be a consequence of either the low Mach number or the significantly low magnetic field strength at the relics position.
For several observed radio relics, the Mach number derived from radio observations is larger than the one derived from X-rays (e.g. Hong et al. 2015; Hoang et al. 2018 , and references therein). This discrepancy could be related to projection effects (Hong et al. 2015) or systematic errors in the X-ray observations (Akamatsu et al. 2017 ). Hence, we calculated the Mach number distribution across the shocked cells that have M 2 (see top panel in Fig. 4 ). Ad- ditionally, we computed the integrated radio spectral index 4 for each projection, and the corresponding Mach number 5 between 1.4 GHz and 0.15 GHz. The spectral index obtained for each projection is αR ≈ −1.17 corresponding to Mach numbers of M ≈ 3.5. Therefore, the Mach number derived from the spectral index is much larger than most of the Mach numbers in the simulation (see red line in Fig. 4 ). These findings are in agreement with Ha et al. (2018) , where they found that Mach numbers derived from radio observations are biased towards larger values because the shock acceleration efficiency strongly depends on the Mach number. The average Mach number and average magnetic field strength are given in Tab. 2, where we additionally show their radio-weighted averages (see Eq. 5). In the remainder of the paper, we will discuss the other properties of the simulated relic and we will focus mainly on the edge-on view. We choose the edge-on view because the relic morphology is similar to the assumed "prototype" of radio relics and because the direction of the shock normal is well defined Fig. 5 ). Throughout the work, we will highlight differences and similarities with the other two LoS.
Distribution of magnetic fields
The maps of projected gas density, temperature and magnetic field strength at the relics position are shown in Fig. 2 . We can observe that the upstream density and temperature are very regular at the top left edge of the relic. Yet at the lower right edge, a sub-clump is falling into the cluster, causing this sector to be disturbed. The upstream magnetic field shows a similar topology, whilst we observe some small-scale fluctuations in the downstream. Finally, we can observe that the shock front is not uniform as it is highlighted better in the temperature map. Fig. 4 shows the magnetic field strength's distribution of the radioemitting cells. Most of the radio-emitting cells have magnetic field values that are smaller than 1 µG and only a few cells have magnetic field strengths above 2 µG. The average magnetic field strength producing the radio relic is in the range of 0.2 − 0.4 µG, while the radio weighted magnetic field strength is ∼ 1.05 µG.
These magnetic field values are smaller than estimations at the po- Figure 6 . Physical quantities at the relic's position. From top to bottom: radio luminosity in log 10 (erg/s/Hz), spectral index between 0.15 GHz and 1.4 GHz, radio-weighted RM in rad/m 2 as well as the radio-weighted magnetic field strength in µG and radio-weighted Mach number at the shock surface. In all cases, the radio weighting was done at 1.4 GHz. (A coloured version is available in the online article.) sition of observed relics (see Fig. 14 in Bonafede et al. 2013 ). This occurs in our simulation since probably the small-scale dynamo did not have sufficient time to evolve and amplify the magnetic field at the relic's position. In Fig. 5 , we show the shock normal as well as the radio-weighted (see Eq. 5) orientation of the projected magnetic field at 1.4 GHz in order to get a sense of the magnetic field behaviour. The radioweighted magnetic field direction changes rapidly across the length of the relic. We can observe that the magnetic field aligns with the shock surface in several regions, while it is perpendicular to the shock surface in others. We also compute the magnetic power spectrum and its correlation length, i.e. the outer scale of the spectrum, in the (7.9 × 200 kpc) 3 sub-box centred on the relic. We obtained a correlation length of ∼ 248.8 kpc, by Fast Fourier-transforming the three-dimensional magnetic field and by fitting its power spectrum with the functional form derived in Domínguez-Fernández et al. (2019) . We refer the reader to the Appendix C for more information on the magnetic spectrum.
In Fig. 6 , we show different properties of the radio relic itself. First, we show the radio emission at 1.4 GHz and the spectral index map computed between 0.15 GHz and 1.4 GHz. The spectral index is a computed by superimposing different radio downstream profiles and hence, the ageing of the spectral index is slower than expected from Fig. 3 . Next, we show the radio-weighted (see Eq. 5) RM at the relic's position, the radio-weighted magnetic field strength and the radio-weighted Mach number at the shock front. The radio emission varies significantly across the relic, and two bright patches are visible. The latter connect via a fainter and filamentary bridge and they are located in the regions of strong Mach numbers and of large magnetic field values. We can also observe that the RM is not uniform across the relic due to the varying magnetic field strengths and densities along the LoS.
Distributions of Rotation Measures
In the presence of magnetic fields, the polarisation vectors undergo Faraday rotation. The amount of rotation depends on both the strength and distribution of the RM along the LoS. As the RM distribution is most likely not uniform for an extended source, the polarisation vectors will rotate differently and therefore this could enhance depolarisation (see Sec. 2.3). In the near future, RM measurements will become more precise due to the increasing resolution of telescopes and the application of RM Synthesis (e.g. Johnston-Hollitt et al. 2015; Bonafede et al. 2015; Brentjens & de Bruyn 2005) , and polarisation studies will improve. In the following, we will describe the RM distribution in our simulation in greater detail. We obtain two different RM distributions for each projection, since Eq. 6 can be integrated from different sides of the computational domain. We will refer to these cases as "along LoS" and "along -LoS". Including the case without Faraday rotation (RM = 0 in Eq. 6), gives a total of nine (independent) test cases to study the polarisation of the radio relic. First, we compute the distribution of RM found in the radioemitting cells. As the surface and the depth of the emitting region change with frequency, the RM distribution depends on the observing frequency as well. In the top panels of Fig. 7 , we show the normalised RM distributions at 1.4 GHz, where we consider only values of dN/dRM > 1 %. In the bottom panels of Fig. 7 , we plot the average and standard deviation of each distribution for different frequencies.
The standard deviation for the edge-on and side-on view are a few tens rad/m 2 and they remain fairly constant with frequency. On the other hand, when seen face-on, the standard deviation is one order-of-magnitude higher. In this face-on view, the distributions are much broader and show extended tails with values above ±200 rad/m 2 for at least one viewing direction. The relic is behind the cluster in this view (see Fig. 1 ), and so the emission must pass through a longer magnetised region. The average values of the different distributions remain almost constant at high frequencies, while their variation becomes larger at low frequencies. These variations are still within one standard deviation. The fact that we obtain less variation at high frequencies might have a numerical nature as the cooling regions at these frequencies are under-resolved. The effective spatial resolution of any hydro-MHD scheme (32 kpc in our simulation) is coarser than the nominal one, and therefore, we cannot account for any variation of the RM on smaller scales that become more important at higher frequencies.
Summarising the RM analysis, we obtain standard deviations of the RM distributions of a few 10 rad/m 2 in most cases of the simulation, and values between ∼ 300 − 800 rad/m 2 only if the radio emission originates from behind the cluster. In the following, we want to examine whether or not the RM in our simulation agrees with the RM observed in the ICM that can be obtained through the polarisation analysis of background sources: Consequently, we conclude that the RM and its variation produced in our simulation agrees with current observations. Yet for higher magnetic field values, we would need a corresponding smaller correlation length in order to recover the same σRM (the correlation lengths of the magnetic field in the whole simulation box are ∼ 250 − 300 kpc).
We only have used the σRM of either the cluster periphery or the entire cluster, and any contribution of the intergalatic medium (e.g. integrating over ∼ 800 Mpc for z ≈ 0.2) would have to be added. We do not include them here as these contributions are small and they would not change our results: Akahori & Ryu (2010 obtained a contribution of about ∼ 1 rad/m 2 for filaments and an RM saturation of ∼ 7 − 8 rad/m 2 for z 1. Furthermore, they showed that the main contributors to the RM are galaxy clusters. These results were also confirmed by Vazza et al. (2018a) , who also argued that intergalactic RM contribution should be even smaller in the case of purely astrophysical magnetic seed fields. As a final caution, one should notice that the RM distributions measured here are neither Gaussian nor symmetric (see Fig. 7 ). Yet, several works (e.g. Burn 1966; Tribble 1991) assume Gaussian or symmetric RM distributions which can lead to systematic effects in the inference of magnetic fields.
The intrinsic Properties of the polarised Emission
We computed the integrated polarised emission (Eq. 6) and the corresponding E-vector (Eq. 10). As an example, we plot the fractional polarisation overlayed with the corresponding E-vectors for two different observing frequencies in the last two panels of Fig.  8 . Additionally, we show the radio-weighted, at 4.85 GHz, orientation of the physical electric wave to visualise its characteristic orientation. Locally, the E-vectors have the same orientation, but they do not show alignments on scales above 500 kpc. Also, there is no strong correlation between the direction of the E-vectors and the shock normal (compare with Fig. 5 ). The orientation of the Evectors seen edge-on starts to randomise locally for ν < 1.4 GHz. On the other hand, at ν = 4.85 GHz the effect of Faraday rotation is small and we observe a orientation similar to the case without Faraday rotation. Along each LoS, a few bright cells dominate the radio emission. Hence, their intrinsic degrees of polarisation determine the polarisation fraction which does not significantly decrease with frequency. In these maps, we do not apply any observational cut and, hence, the extent of the polarisation fraction into the downstream mirrors the extent of the surface brightness which is larger for lower frequencies. Since the intrinsic degree of polarisation increases for steeper spectra, the polarisation fraction becomes larger in the downstream. We do not show the E-vectors if the relic is seen along the opposite direction of the LoS, as the pattern is similar. In both the face-on and side-on view, the orientation of E-vectors is similar to the edge-on view. However, their morphology is more complex and cannot be directly related to the true shock normal. As observations tend to pick up the brighter parts of the relic, we computed the radio-weighted average degree of polarisation for frequencies in the range from 150 MHz to 4.85 GHz. In Fig. 9 , we plot the degrees of polarisation versus frequency. We also include the control cases RM = 0 that reflect the intrinsic degree of polarisation. We note that we computed the RM on scales of the grid resolution and any higher amplitude small-scale structures in the Faraday depth, due to the finite resolution of our simulation, are neglected. Therefore, the degree of polarisation reflects depolarisation by internal Faraday rotation, while external Faraday rotation only rotates the polarisation vectors without causing any additional depolarisation. Independent of the projection and the RM-selection, the degree of polarisation is always larger at high frequencies, i.e. ∼ 0.64 seen edge-on and ∼ 0.67 seen face-on and side-on, and decreases for lower frequencies. The degree of polarisation drops to ∼ 0.31 seen edge-on and ∼ 0.26 − 0.28 seen face-on and side-on at 150 MHz for the cases that include Faraday Rotation. Without Faraday Rotation, the degree of polarisation is significantly higher at 150 MHz, i.e. 48 %. The degree of polarisation for the different test cases including RM converges with the control case, i.e. RM = 0, above 1.0 GHz − 2.0 GHz. One would expect that the face-on projection (which features the highest values of RM) would show the lowest degree of polarisation and the slowest convergence to the control case of RM = 0 due to the exp −RM 2 λ 4 factor. Nevertheless, this is not the case because the extent of the relic along the LoS is much shorter than in the other to cases, i.e. ∼ 160 kpc instead of 400 kpc. Therefore, the face-on projection effectively probes fewer polarisation vectors and depolarisation since the internal Faraday rotation is small. In all three control cases, i.e. RM = 0, the degree of polarisation decreases at lower frequencies. The downstream width of the relic is larger at low frequencies and, hence, polarisation is also probed at a larger distance to the shock front. The farther into the downstream, the more magnetic fluctuations we encounter, (see Fig. 2 ) and as a consequence, the orientation of the intrinsic angle of polarisation is more random. This is also illustrated at low frequencies.
In summary, we obtain an average degree of polarisation 50 % for ν 1.0 − 1.4 GHz and it is significantly larger than what it is obtained in observations (see Tab. 1). On the other hand, our results are in line with previous ENZO simulations by Skillman et al. (2013) , who measured a maximum degree of polarisation ∼ 75 %. We reiterate that the degree of polarisation only accounts for depolarisation due to internal Faraday rotation and, thus, including the beam and/or bandwidth depolarisation can decrease it.
Synthetic Radio Observations
In order to compare with real radio observations, we performed synthetic observations of our cluster with the Effelsberg telescope, the VLA and LOFAR-HBA. After locating our relic at different redshifts and converting the emitted power into the physical frame, we convolved the luminosity and the integrated polarised emission that were previously finely sampled (see Eq. 1 and 6 respectively), to the proper resolution/beam size of the assumed telescope configurations, d beam . The detection threshold,IT , is computed as a flux density level of three times the noise per beam, σnoise: IT = 3 × σnoise/(1.1333 · d beam ) 2 . We considered the fiducial parameters shown in Tab. 3 which were taken from recent papers. In particular, we use the parameters given in Tab. 1 of Shimwell et al. (2017) for the direction-independent LOFAR Two Meter Sky Survey for the LOFAR-HBA mock observation. We use the parameters in Tab. 2 of Rajpurohit et al. (2018) for the VLA mock observation and parameters in Tab. 3 of Kierdorf et al. (2017) for the Effelsberg mock observations. In the case of the Effelsberg mock observation, we place the relic at z = 0.1 and 0.2, as the large beam would cover more than the entire simulation box for larger redshifts. On the other hand, for the LOFAR-HBA and VLA mock observation, we have to use z = 0.4 and 0.5, as they would have a higher physical resolution than our reconstructed Table 3 . Fiducial parameters for our mock observations. The first two columns give the name of the telescope and the observing frequency. The third, fourth and fifth column provide the beam size, thermal noise and estimated detection threshold respectively. The last two columns give the observed polarisation fraction of the relic is placed at z = 0.4 (z = 0.1 for Effelsberg) and z = 0.5 (z = 0.2 for Effelsberg) respectively. The parameters have been taken from Tab. 1 in Shimwell et al. (2017) , Tab 2. in Rajpurohit et al. (2018) and Tab. 3 in Kierdorf et al. (2017) . , but none concerning radio relics. Therefore, we only include these mock observations as a sanity test for our implementation. In the following, we neglect any sort of bandwidth depolarisation (e.g. Hamaker et al. 1996; Sault et al. 1996) . We provide the radio-weighted degrees of polarisation for each mock observation in Tab Our LOFAR-HBA mock observations at 0.15 GHz, show a polarisation degree below 6 % at both redshifts. We expect that this is a numerical artefact and has no physical meaning. Hence, we do not expect to detect significant polarisation at LOFAR-HBA frequencies. In Fig. 10 , we plot the integrated polarised emission overlayed with the corresponding E-vectors for three different VLA mock observations at z = 0.4. Furthermore, we show the degree of polarisation for the different VLA configuration in Fig. 11 . Our results lie in the range of 26 %−50 %and they decrease with increasing beam size, which indicates beam depolarisation at both redshifts. In order to compare with real observations, we compute first the distributions of the average and the local maximum degree of polarisation of all radio relics studied in polarisation at ν ≈ 1.4 GHz (see Tab. 1). Then, we compare these to the distribution functions from our VLA mock observations at ν = 1.4 GHz (see Tab. 3), and plot the two distribution functions in the bottom panel of Fig.  11 . The distribution functions (average and local maximum) of the mock observations have lower dispersion and peak at higher values than the corresponding distribution functions of the real observations. Even though our final results mildly agree with polarisation observations, a larger statistical sample of simulated relics is needed to test whether their properties agree with reality.
Morphological Properties
The observed morphology of the polarised emission is quite diverse (see references in Sec. 1.1). Hence, our small sample cannot explore the variety given by observations. Our relic does not show an overall global alignment of E-vectors as observed in some radio relics. However, it shows local structures that match features observed in radio relics, so it may offer useful hints to interpret observed polarisation structures. In the following, we want to highlight three cases that show qualitative similarities with observed structures. In Fig. 12, we show a close-up view of our radio relic at 1.4 GHz seen in the three different projections. The arrows point to three different regions that we want to further investigate: a region with locally aligned E-vectors (A), a bridge structure (B) and a depolarised "brush" (C). In this section, we do not apply any detection threshold or re-binning to a specific beam size as high-frequency radio observation can indeed resolve structures of 8 kpc or smaller in radio relics (e.g. Rajpurohit et al. 2018) . We notice, that the discussed radio structures are significantly larger than the effective resolution of our hydro-MHD scheme. Even if some features appear to be close to the effective resolution (∼ 32 kpc), this is only due to the projection along the LoS, while their intrinsic 3dimensional separation is much larger.
Bridge Structure
The bridge structure connects the two brighter patches of the radio relic seen edge-on. Compared to other regions, this region is very filamentary in the face-on view. In the edge-on view, the thickness of the bridge is about ∼ 150 kpc. Though, in the face-on view, the filaments' extend is about ∼ 260 kpc. Hence, the vectors are probing magnetic field structures which are significantly separated.
If falling within the same telescope beam, they can get depolarised. The edge-on view of the Mach number (see Fig. 6 ) reveals a filamentary shock structure in the bridge region. New high-resolution radio observations of relics show similar complex structures in the form of filaments and threads (e.g Rajpurohit et al. 2018; Di Gennaro et al. 2018) . Whether these structures are dominated by magnetic fields, by cosmic-ray driven small-scale instabilities, or by a complex shock morphology, cannot be established at present. The threads of the Mach number in the simulation are a product of (magneto)-hydrodynamic flows and they are most-likely visible if our simulated relic was observed at a higher resolution. The other parts of the relic could in principle have similar filamentary structures, but they might only appear in the bridge because there is no projection of other emissions on top.
Alignment of E-vectors
In the top-left region of the radio relic, the E-vectors are locally aligned to each other as seen in most radio relics. In the edge-on view, the relic's extent, along the LoS, is about ∼ 134 kpc at the left edge and it increases to ∼ 434 kpc at the right edge. In the sideon view, only the E-vectors that are close to the right edge (i.e. the shock front), align with each other. Finally, in the face-on view, their orientation is completely randomised by Faraday rotation due to the large RM of this projection. The position of the region coincides with the position of the regular and laminar pre-shock area where the magnetic field is aligned in front of the relic (see Fig. 2 ).
Depolarised "Brush"
In contrast to the strong alignment of E-vectors in region A, we observe that the E-vectors in region C are completely misaligned. This region looks similar to the "brush" in 1RXS J0603.3+4214 (van Weeren et al. 2012) . Moreover, in both the face-on and the side-on view, the E-vectors in this region are randomly orientated. The random orientation in the face-on view can be explained by the large RM. But its nature in the edge-on and the side-on view must be physical since their RM values are fairly low. We infer that the random orientations are due to the cold sub-clump falling onto the cluster in this region (see Fig. 2 ). The sub-clump stirs both the upstream gas and the upstream magnetic fields causing the magnetic field orientation to be random and the E-vectors not to align.
In summary, our simulation does not reproduce the morphology observed in relics such as CIZA J2242.8+5301 or Abell 2744. Whereas locally, we recover structures as have been found in observed radio relics. We conclude that threads and filaments can be very distant to each other along the LoS and hence they can probe magnetic field structures with different orientations. We found that aligned polarisation vectors reside in the region of the shock where the upstream magnetic field is laminar, and that they are orientated randomly in the region with a disturbed upstream magnetic field.
Magnetic Field Vectors and Polarisation Direction
It is possible to derive the magnetic field direction from the observed polarised emission (see Eq. 9), provided one accounts for the effect of Faraday rotation. We derived the magnetic field direction for different frequencies between 0.15 GHz and 4.85 GHz using Eq. 9. We subtracted for the effect of Faraday rotation by subtracting RM ν obs λ 2 obs from each polarisation angle. In our case, a good proxy for the orientation of the physical magnetic field of the relic is its radio emission weighted orientation, which we computed in the same frequency range (see App. B). We computed the differences, ∆β ∈ [−90 • , +90 • ], between the corrected polarisation orientation, B-vectors and the radio-weighted orientation of the physical field. We also included the control case (RM = 0) as this gives the intrinsic orientation of the polarised emission. Finally, we obtained a distribution of differences across the relic for each frequency and each LoS. In Fig. 13 , we plot the mean and the dispersion (i.e. using the standard deviation) of these distributions. Regardless of both frequency and LoS, the mean values fluctuate around 0 • and they never exceed ±12 • . Whenever we include Faraday rotation, the dispersion varies between ∼ 53 • at low frequencies and 17 • − 35 • at high frequencies. The dispersion at low frequencies is significantly smaller, < 30 • for the control case (i.e. RM = 0). The edge-on and the face-on view cases including RM converge to the control case at high frequencies.
On the other hand, there is no convergence to the control case in the edge-on view even at the highest frequencies that we tested. We conclude that radio observations can determine the intrinsic orientation of polarisation if the amount of Faraday rotation along the LoS is small. Future observations and RM Synthesis to control the foreground RM, should make it possible to measure the local magnetic field. But we want to stress that this only holds provided the RM along the LoS is sufficiently small. Furthermore, the dispersion of the intrinsic difference, i.e. if RM = 0, is lower if the relic extent along the LoS is smaller.
DISCUSSION AND CONCLUSION
In this paper, we studied the polarisation of radio relics in cosmological simulations. This pilot study has the objective to explore the degree of realism of magnetic fields produced in these simulations and to highlight their current limitations. We combined the formalism in Burn (1966) and Hoeft & Brüggen (2007) to model the polarised radio emission of a radio relic. Our simulation grid gave us the possibilities to study the relic seen in six different projections. For each projection, we included internal and external Faraday rotation as well as the control case without Faraday rotation. Furthermore, we computed the polarised emission for observing frequencies between 150 MHz and 4.85 GHz and we produced mock observations for the radio telescopes Effelsberg, VLA, and LOFAR. Our work aims at improving the present knowledge about the following key questions:
• What are the polarisation properties of radio relics?
The average degree of polarisation of the relic without Faraday Rotation for frequencies above 1.0 GHz is 50 % and, it slightly increases with frequency. These values are close to the intrinsic degree of polarisation. Hence, the depolarisation due to different magnetic field orientations along the LoS inside the emitting region is low. For frequencies below 1.0 GHz, the average degree of polarisation decreases due to the growing size of the emitting region. When including Faraday rotation, the average degree of polarisation drops significantly for low observing frequencies. In this case, the strength of the depolarisation depends on the position of the relic along the LoS and also the Faraday depth of the emitting structure. Whereas for high frequencies,
1.0 − 2.0 GHz, the degree of polarisation is closer to the cases without Faraday rotation. Therefore, we found a polarisation degree significantly larger than the one measured in observations. If the effect of beam depolarisation is included, the degree of polarisation decreases even at high frequencies (i.e. from ∼ 50 % to ∼ 25 % if the beam resolution goes from 5 to 25 at 1.4 GHz).
• What is the RM distribution in simulations?
We found asymmetric RM distributions with average values of a few 10 − 100 rad/m 2 and standard deviations, σRM, that vary between a few tens rad/m 2 up to several hundreds rad/m 2 . These values agree with real RM measurements in galaxy clusters. Finally, we found that the shapes of the different RM distributions across our simulated relic are neither Gaussian nor symmetric, which is an usual assumption in several theoretical works (e.g. Burn 1966 ).
• Can simulations reproduce the morphology of the observed polarised emission and does the morphology reflect the magnetic field structure in the relic region? Figure 13 . The plots show the average (top row) and corresponding standard deviation (bottom row) of the differences between the radio emission weighted magnetic field orientation and the magnetic field orientation derived from polarisation. The black lines (dashed with diamonds) give the cases without RM, while the blue (solid with squares) and red (solid) lines give the cases with RM seen along the two different directions of the LoS. The different panels display the results for the three different projections. (A coloured version is available in the online article.)
The simulated relic does not show the large-scale ( 1 − 2 Mpc) polarisation structures observed in real systems such as CIZA J2242.8+5301 or Abell 2744, where the E-vectors of the polarisation tightly align with the shock normal. On the other hand, the simulation produces the observed structures on smaller scales ( 200 kpc), i.e. the strong alignment of E-vectors as in CIZA J2242.8+5301, the depolarised "brush" as in 1RXS J0603.3+4214 or a bridge. The latter is produced by a filamentary shock structure that would be visible if observed with sufficiently high resolution. These filaments are similar to the ones observed in 1RXS J0603.3+4214 and CIZA J2242.8+5301. Moreover, we found that the orientation of the E-vectors depends on the behaviour of the upstream magnetic field. All these similarities occur on scales that are comparable to the correlation length of the magnetic field (Vazza et al. 2018b; Domínguez-Fernández et al. 2019) . We report that the polarisation B-vectors are reasonably aligned with the radio-emission-weighted direction of the magnetic field for ν 3.0 GHz if one corrects for the effect of Faraday rotation. Hence, despite a few cases in which a large column density along the LoS de-correlates the two vector fields, one can infer the magnetic field structure in the downstream relic region at these frequencies. We found that the magnetic field is neither only parallel nor entirely perpendicular to the shock normal, and therefore the polarised emission reflects the magnetic field and its correlation length limited to regions of a few hundred kpc. Regardless of the LoS, we found very little to no correlation between magnetic field direction and polarisation B-vectors for ν < 3.0 GHz. Additionally, there is an intrinsic misalignment, whose magnitude depends on the extent of the relic and the amount of residual emission along the LoS.
• Can simulations reproduce the observed degree of polarisation? For frequencies above > 1 GHz, the average degree of polarisation across the simulated relic is more than > 50 % and, thus, it is significantly larger than in observations. However, the simulated relic shows local peaks of ∼ 70 %, which is in line with local measurements in observation. Our findings agree with the results of Skillman et al. (2013) (the only other numerical simulation using MHD in cosmology we can compare to) who also measured a maximum degree of polarisation of ≈ 75 %. A few radio-bright cells in our simulation determine the degree of polarisation and hence, it mirrors the intrinsic properties of these cells. Increasing the numerical resolution would produce a magnetic field that is more tangled on smaller scales. As a consequence, the average degree of polarisation could decrease even if the individual cells have a high degree of polarisation. The average degree of polarisation is reduced to 4 % − 44 % in the mock observations of our relic, depending on redshift, beam size and observing frequency. This is in reasonable agreement with current radio observations. Though, the Effelsberg mock observations do not reproduce the high degree of polarisation measured by Kierdorf et al. (2017) for the relics in CIZA J2242.8+5301 and 1RXS J0603.3+4214. The fact that our results show discrepancies with these observations, is due to either a correlation length in our simulation that is too small or due to missing micro-physics at the shock front.
• Which simulated relic properties are most different from observations?
The average Mach number of M > 2 shocks that produces the relic is M ∼ 2.4 While the Mach number derived using the spectral index is ∼ 3.5. Therefore, they are of the same order as estimates from observations (e.g. Hoang et al. 2018). Our relic is ∼ 1.7 Mpc away from the cluster centre, which is similar to the observed relics (see Tab. 1). Yet, we noticed that when seen edgeon, its largest-linear size is smaller than most of the observed relics. This projection's extent along the LoS is larger than the estimations for the relic in CIZA J2242.8+5301 (i.e. 250 kpc from Kierdorf et al. 2017) . Therefore, it is difficult to generalise our findings to the different geometries found in real systems. We require more simulated radio relics in order to better understand the observations. At the relic position, we found an average magnetic field of ∼ 0.2 − 0.4 µG and a radio-weighted magnetic field of ∼ 0.5 µG. These values are consistent with the lower limits estimated in most of the observations (e.g. see Fig. 14 in Bonafede et al. 2013) . It is just in the case of Abell 3667 Finoguenov et al. (2010) where we find that the magnetic field strength obtained in the simulation is in discrepancy with observations as they report a strength of ∼ 3 µG in the relic region. The RM and its dispersion, σRM, are of the same order as of observed RM (e.g. Bonafede et al. 2013; Böhringer et al. 2016) . Our work supports that these values vary with respect to the cluster centre depending on two factors: the impact parameter and the specific LoS. In the most extreme cases, the variation can be of a factor of ∼ 10. Finally, we can say that our simulation produces realistic magnetic field strengths, but in order to reproduce the same σRM with a higher magnetic field strength (as in the case of Abell 3667), smaller correlation lengths are required.
Our results show that the polarised emission of radio relics should strongly depend on the environment and the orientation of the polarisation changes with the properties of the upstream gas. The laminar gas flows in the upstream produce a parallel alignment of the E-vectors, while disturbances in the upstream will cause a random orientation. This might reflect the local correlation length of the magnetic field. We also found that high-resolution observations above 2.0 − 3.0 GHz will be able to reasonably estimate the magnetic field direction in the relic regions, provided that one corrects for Faraday rotation. In general, this can be done using highresolution Faraday spectra. The fluctuation of the magnetic field on small scales points towards a small scale field that is aligned by the shock on microscopic scales to explain the observed degrees of polarisation. We are aware that adding micro-physics to our simulations will help us to understand better the observed degree of polarisation in relics. Nevertheless, this will remain to be a task for a future work. It is not possible to make any conclusive assessment on the largescale alignment of polarised emission observed in many radio relics (e.g. CIZA J2242.8+5301, 1RXS J0603.3+4214 etc) due to our small statistical sample. Either they are produced by ordered largescale magnetic fields, or they are the result of the compressed tangled magnetic fields. The two options are found on scales of 200 kpc in different regions of the same simulated relic. Therefore, more simulated relics (also including strong shocks) are required to generate meaningful statistics. In conclusion, some of our results may quantitatively change if we use a higher spatial resolution, which is difficult to reach at the moment. In particular, some of the small scale details in our relic have the same size as the effective resolution of the Dedner-cleaning applied in our MHD-scheme and, therefore, magnetic structures on scales 32 kpc may be affected by numerical diffusion. Hence, they would show less structures in reality, provided that the magnetic Prandtl number is Pm 1 and the magnetic Reynolds number is Rm 10 2 in the real ICM. Lastly, the numerical resolution might also affect the correlation length of the magnetic field (e.g. Donnert et al. 2018) .
Our study used a model of relativistic electrons that is still relatively crude and that can be improved. First, our model assumes a constant magnetic field and downstream velocity for computing the ageing of the radio emitting electrons in the downstream region. And second, our simulation does not include the injection of relativistic particles and magnetic fields from active galactic nuclei and radio galaxies. In principle, this might affects the shape and size of radio relics as argued by Nuza et al. (2017) . Further uncertainties are related to the assumed acceleration efficiencies and the magnetic field. In this work, we assumed acceleration efficiencies that solely depend on the Mach number, while recent studies (e.g. Caprioli & Spitkovsky 2014a; Wittor et al. 2017; have shown that they can depend on additional parameters such as the shock obliquity. And finally, it is unclear if different magnetic field seeding mechanisms change the magnetic field morphology in the relic's environment. The goal of future studies would be to improve this modelling by including tailored AMR schemes dedicated to increase the resolution at the relic and also to increase the statistics of simulated relics.
The functions F (x) and G(x) depend on the modified Bessel functions K as (see Rybicki & Lightman 1986) :
The constant CR is computed as:
where me and e the electron mass and charge, B is the magnetic field, α is the pitch angle, ν obs is the observing frequency, c is the speed of light and E is the electron energy. The function τ depends on the energy as:
The electron spectrum at a distance x to the shock is computed as:
Electrons can only be accelerated to a finite energy Emax. Hence, the spectrum is evaluated if EC cool x/v d /me/c 2 < 1 − E/Emax, with v d being the downstream velocity of the shock. The cooling constant is given as:
Here, σT is the Thomson cross-section and B 2 CMB is the equivalent magnetic field of the cosmic microwave background at redshift z. The normalisation of the spectrum is:
where ξe is the acceleration efficiency, q is the entropy jump across the shock, u d is the internal energy of the downstream gas and mp is the proton mass. The integral Ispec is given as
For the minimum energy, above which electrons are considered to be suprathermal, we chose Emin = 10k b T .
APPENDIX B: AVERAGE OF ANGLES
We use Eq. 5 to compute the radio-weighted average of a physical quantity Q. If Q is an angle α, we first compute the two components: x = sin(α) and y = cos(α). Next, we compute the radioweighted averages of the two components x ν obs and y ν obs . Finally, we compute the radio-weighted average angle as:
This approach is reasonable, if the scatter of angles is about 90 • or less. In our case, this works well for almost all LoS, since a few cells dominate the radio emission. We applied this algorithm, when we computed the radio-weighted orientation of the physical magnetic field (see Sec. 3.7). This is not to be confused with the orientation of the polarisation vectors which we computed using Eq. 6 and Eq. 9.
APPENDIX C: THE CORRELATION OF THE MAGNETIC SPECTRUM
The magnetic power spectrum, in a magnetised plasma, has a characteristic shape that differs from the shape of the kinetic power spectrum. In detail, it cannot be characterised only by a power-law. The galaxy cluster produced by our MHD simulation has enough resolution for better resolving the morphology of magnetic fields at small-scales during structure formation. Therefore, we can better constrain the shape of the magnetic power spectrum. The magnetic spectral properties of the cluster has already been analysed in Domínguez-Fernández et al. (2019) . One important result of this work is that despite of the different dynamical states, the magnetic spectra can be well-fitted by the following equation:
where A is the normalisation, B is related to the width of the spectra and C is a characteristic wavenumber which inverse corresponds to the inverse outer scale of the magnetic field. In this work, we computed the power spectrum of our data and then fitted it to Eq. C1. In this work, we refer to the correlation length given by the outer scale of the magnetic spectrum, i.e. the C parameter.
